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We put forward the concept of quantum spiral bandwidth of the spatial mode function of the two-photon
entangled state generated in spontaneous parametric down-conversion. We obtain the bandwidth using the
eigenstates of the orbital angular momentum of the biphoton states, and reveal its dependence with the length
of the down-converting crystals and waist of the pump beam. The connection between the quantum spiral
bandwidth and the entropy of entanglement of the quantum state is discussed.
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Entanglement, one of the most genuine features of quarperimentally using combinations of holographic and filtering
tum mechanics, is a basic ingredient in quantum cryptogratechniques. Therefore, such base provides a powerful tool to
phy, computing, and teleportatidi,2]. Spontaneous para- explore the concept of spatial multimode entanglement. In
metric down-conversion, namely, the generation of twothis paper we put forward the full characterization of the
lower-frequency photons when a strong pump field interactgntangled photon pairs in terms of eigenstates of the OAM
with a nonlinear crystal, is a reliable source of entangledoperator and reveal how the correspondqgantum spiral
photons. The generated two-photon state is entangled in prandwidthdepends on the shape of the beam that pumps the
larization [3], and most applications of parametric down- down-converting crystal, and on the material properties and
conversion in quantum systems make use of such spin ettength of the crystal. We obtain in analytical form important
tanglemen{4—6]. However, entanglement is also embeddedsimilarity rules that hold for arbitrary input and crystal con-
in the spatial mode functions that describe the two-photonlitions.
states. Such spatial entanglement occurs in an infinite- Let a quadratic nonlinear crystal of lengthbe illumi-
dimensional Hilbert space and is gaining increasing attentiompated by a quasimonochromatic laser pump beam propagat-
as a powerful way to encode and to exploit quantum inforing in the z direction. The pump beam writeB (X, z,t)
mation[7—-12]. For example, knowledge of the spatial struc- = [dqEo(q)exdi(k,(a)z+ig-Xx—wyt)]+c.C., wherew,, is the

ture acquired by the mode functions of entangled signal angngular frequency of the pump beak,(q) =[(wpn Ic)?
idler photons forms the basis of multidimensional quantum_ 92]¥2is the longitudinal component of the Waver:) v':actq{

imaging, and it can be used to increase the efficiency ofg he refractive index at the pump wavelengifis the trans-

muIt!dimensionaI quantum communication protocols. The g ca component of the wave vecteiis the position in the
spatial structure .o.f the pho'gon states can bg expressed b.)/tl%nsverse plane, arid, is the transverse spatial frequency
mode d_ecomposmon of their mode function in an approprifie|d profile. The signal and idler photons are assumed to be
ate basis. The amount of entanglement of a quantum state iS5, o -hromatic. witho.= w.+ . . where and. andw: are

. . . ' p S i S I
directly related to the width of such modal expansion, here:the frequency of the signal and idler photons, respectively.

after referrgd to aguantum spatial b.andwidth\ two-photon . This is justified by the use of narrow-band interference filters
state described by a single mode is a product state, while A front of the detectors.

guantum state described by an equidistributed multimode ex- In the paraxial approximation, the spin and the OAM can

pansion corresponds to a maximally entgngled state. ThereE)-e considered separatdly8]. Under these conditions, pho-
fore, a fundamental question that arises is how to act on thf'ons described by a mode function that is a Laguerre-

spatial quantum distributiqn of a given. mode ?XpanSionGaussian la'p) mode are eigenstates of the OAM operator
hence how the corresponding quantum |nformat|0n can bev\/ith eigenvalud 4 [19]. The indexp is the number of non-
e.g., concentratedAlong these lines, the spatial manipula-

. -~ axial radial nodes of the mode and the indereferred to as
tion of the pump beam have been shown to result in signifi- ; L . .

: N . ._the topological winding number, describes the helical struc-
cant alterations of the coincidence counting rate as a functio

; : ; ; '%re of the wave front around a wave front singularity or
of the transverse spatial coordinates in quantum imagin

[7,13,14, which is a signature of the underlying modification Yislocation. State vectors which are represented by a super-
of’thé qlJantum spatial bandwidth position of LG modes correspond to photons in a superposi-

. tion state, with the weights of the quantum superposition
Ithas been recently observed experimentally that the phoc'iictated by the contribution of thih angular harmonics
ton pairs generated in spontaneous down-conversion are en- y 9 )

. | .
tangled in orbital angular momentut©AM) [15]. Such  'hen the pump beam is @) mode, under conditions of
OAM entanglement allows the implementation of arbitrary collinear phase matching, the two-photon state at the output
d-dimensional quantum channélk6], thus it has been used of the nonlinear crystal can be written as a coherent super-
to demonstrate violation of Bell inequalities with qutififs/]. position of eigenstates of the OAM operaf®@Q] that are
The corresponding mode functions are naturally expressed icorrelated in OAM, i.e.|;+1,=1,, wherel, andl, refer to
terms of eigenstates of the paraxial OAM operator, whoséhe OAM eigenvalues for the signal and idler photons. A
spiral or winding topological structure can be resolved exphoton state described by a LG mode can be written as
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|Ip>=f dquy(q)a’(a)|0), D
where the mode function in the spatial frequency domain at @,
z=0 is written as S
I "t
d (p go)=( wop! 1/2( WoPk) L|||(P§WS)
PR 2m([l|+p)! J2 Pl 2 N ®)
2,2
Wo | W =2.5
><exp(—pk ) p{”cpk-i-l p—u)w], 2) 03 !
4 £
B oot
with p, and ¢, being the modulus and phase, respectively, of s b
the transverse componerisof the wave vector. The func- i llIIIIl
tions L'p(p) are the associated Laguerre polynomials agd 0
. ) ©
is the beamwidth. 04
The quantum state of the generated two-photon pair is ] W, =5
given[21] by =
T yal g o
I‘P>=J da,dgi®(gs,9)as(ds)3i (4)[0,0, () * ol
whereqs; are the transverse components of the S|gnal and 0 -““““““l“““u

-10 =5 0 5 10
idler wave vectors|0,0) is the vacuum state, ami anda 1; quantum number

are creation operators for the signal and idler modes. Under FIG. 1. Mode distributions, . for different values of the pa-
conditions of collinear propagation of the pump, signal a”drameterwp which takes into account all the harmonics with the
idler photons, the mode functioh(gs,q;) can be written as .o indices, andl,. (a) wp—l (b) wp 2.5, and(c) wp—5 The

@(as,91) =Eo(qst i) W(gs—gj), there normalization of mp beam is a Gaussian modg=0), so thatl;+1,=0. Thex
the state require$dqsdg;|P(gs,q;)|“=1. The functionW, s represents the value f
which comes from the phase-matching condition in the lon-

gitudinal direction, is giveri21] by electric-field operator. If one makes use of the paraxial ap-
lge— qi|2L l9e— qi|2L proximation for the electric-field operator of a photon trav-
W(gs,0i)= si m{ ° ) p{—i %) eling in vacuum[21,22, the amplitude can be written as
P

@ A(X1.21,t1:X2,Zz,tz)=|2 |2 Clp l; ull(xl,zl)ulpzz(xz,zz)
where one makes use of the paraxial approximakig(u) 1P TP
~kp— 2/(2kp) with k,= wyn,/c, and correspondingly for Xexg —iw(ty+ty)]. (7)
the signal and idler Wave vectors. The conditiop=n;
=ng, Whereng; are the refractive index at the signal and Such amplitude might be employed, e.g., to draw analogies

idler wavelengths, is assumed. between the spatial structure of the two-photon quantum
One can decompose the quantum sfdtg in the base of states and the properties of the corresponding incoherent
the eigenstates of the OAM operator, as classical radiatiorisee Refs[11,21)).
For a given nonlinear crystal and pump beam spatial dis-
W)= Ep IZp Clp Ié [11,p1:12.p2), (5) tribution, the amplitude§:'pll”'§2 depend on the length of the
1 11'2:P2

crystal L), the pump beam widttv,, and the chosen width
where (4,p;) correspond to the signal mode; (p,) corre-  of the LG base ). Through the normalization of E¢6),
spond to the idler mode, and the amplittfd'g"s is written it turns out that the amplitude can be shown to depend on
as v two ngrmalized parameters: the normalized pump beam

width wp,=w,/ VAL and the normalized beam width of the

' '2 —j dgdg®(qs,q; )[u qs)] [u'z(q )I*. (6) LG modes,wo=wg/\\oL, where, is the wavelength of

the pump beam in vacuum. For a typical value of the pump

The weights of the quantum superposition are given bywavelength\ ,=0.4 um, and a crystal length df=1 mm,

'p IS |CI 112 > |%. which gives the value of the joint detec- & pump beam width ofr,~20 um corresponds to a normal-
1'F2

tion probab|I|ty for finding one photon in the signal mode iZ€d value ofw,~1.

(1,,p;) and one photon in the idler mode,(p,). The two- In Fig. 1 we pIot the contribution to the mode decompo-
photon state can be also characterized by the amplitud@/tion of the quantum stael’) of all the harmonics with the
A(X1,21,t1:%2,25,12) = (0,0E; ES |¥), at positions X;,z,) same value of the indiced; and I, ie, P,
and (x,,z,) and timest; andt,, where E*(x,zt) is the —Ep Py 0PI '2 , which gives the probability of detecting a
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(a) o P
04
W)= 2 X Chylllul). ®)
> 2:73(3

03F 1=7%

weight

021 (-1,0) Since the amplitudé:'olc')I2 depends on both normalized pa-

0.1 \ rametersﬁp andwy, thé expansion given by E() depends
N

on the base of LG modes considered. In general, calculation
of the amplitudeS:'pll"g2 requires a four-dimensional integra-

0

! 2 3 ‘
normalized width (W)

) tion in the spatial frequency domain. However, for a pump

o Fl — o . beam with a spatial field profile corresponding to'o%lmode,
| s we were able to obtain the value of the amplitL([(:](ﬁ’)'2 inan
B 021 iae analytic form. Namely,
” w3

- Lol + 1]+
o~ (L L LY WS Sy
0 : , . . i +wgky/2L
0 2 4 6 8 10
index Pnax

for 141,=0, and

FIG. 2. (a) Value oftheweigthzfor(ll,I2)=(O,O),(1,11), minly115]) || |'|I |'
LI

and(2,—2), as a function of the normalized pump beam widt}. clila_p 2 (—1)"

The labels show the value of,(,I,). The pump beam is a Gaussian 0.0 0 & (||1|_n)!(||2|_n)!(n!)2
mode.(b) WeightP.°_ as a function of the indegya, for different
values ofw,, as shown in the labels. In all caseg=1.

Lol + |11+l —2n
1ol |1|2|2| +1>

w5 -
photon with signal modé; and idler modd,, for any value ( 2W;2)+Wf2> (1+i(4L/wSkp))“’2
of p; and p,. In all cases the pump beam is a Gaussian
mode. The distributiorP|1,,2 depends only on the normal-

1
o xF(n)sin( n tan‘lf) (10)
ized widthw, . Thus, for a given material, the OAM distri- i +wgky/2L
bution of the statd¥) depends on the ratiw,/ VA L, a

result which gives an important scaling rule. In Figaawe ~ for l112<<0. In these expressiond, stands for

show the dependence B, on w,, for different values of Ao= (=il == T2l (e w2/ arL ) YA w/ wig) ol

[, andl,, with I1+I2i0. One observes that the spiral band- w2 (\|0|+\|1|+\|2|)/2+12(“0|,||1|,||2|),2+1
width increases witlw,,, therefore it can be made larger by x(%) O —— =
increasing the pump beam width or by decreasing the crystal 2wy, +w Vilol 1] {12!

length. Notice that in doing so the coupling efficiency in the (11)
detection state is also modifiqdee, e.g., Ref[23]). Al-
though the total contributio®, , of modes with a given In both Egs.(9) and(10), the relationlo=1,+1 holds. Itis
worth stressing that Eq$9)—(11) provide the analytical ex-
T ) pression of the quantum state under general conditions in
distributionP ' ° depends also ow,. In Fig. 2b) we show  terms of the pump beam and the crystal properties. More-
the contributions of the modes with different indigesand gver, this _expafnsion corresponds ttlo p_erf(?]r.min% a Schmhidt
; 00 _ vPmax ERP ; ecomposition for continuous variables in this subspace, thus
P2: 1€ P_pmax Zp; py-0Fp,.py 3S @ TUNCUON OPray. We allowing to calculate the entropy of entanglemgd].
considerw,=1 andl,=1,=0, which is representative of a In Fig. 3, we plot the expansion in OAM eigenstates of
general case. The plot reveals that there is an optimal valuthe two-photon state for pump beams witf=0,1,2 and
of wg for which the contribution 01P8;8 is maximum, and W,=wy=1. In the three cases represented, the subspace we
only a few modes with different indeg make significant are considering represents more than 40% of the correspond-
contributions to the total weight. Away from the optimag ing cpmplete Hilbert space. The.spiral bandvyidth of the ex-
value, a large number of modes are required to represent tRaNSIon in terms of statd, I,) increases witH,. Equa-
quantum state. tions (9) and (10) show Ithzlit, for a given pump beam, the
In most applications that make use of the OAM of thePhase of the amplitud€,* changes for each mode with
photons, one projects into a subspace of the complete Hilbeti!><0, but it is the same for all modes withl ,=0.
space that describes the mode function of the phéon., The concept can be extended to the general case of a
Ref. [17]). This implies considering only a fraction of the pump beam whose spatial field distribution is a coherent su-
mode space. Let us consider only modes with=p,=0,  perposition of LG modes, so th&p(x) == ,Crpug(x), with
and thus thereafter we defiflg,l,)=|l,,p1=0;l,,p,=0). m=0,2,4 ... M. The LG modesu'(x) are the correspond-
In this subspace, the two-photon state can be written as  ing expression in the spatial domain of the LG modes given

index I, andl, depends only orv_vp, the actual amplitude
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@

025 0 allows generation of optimal quantum states for different

phase
5
o
> @

5 quantum information protocols, such as the entanglement en-
5‘;” .III. hancement required for obtaining maximally entangled states
5 = e - [25]. One approach for the realization of entanglement con-
§3e © . @ centration is to perform mode filtering operations on the two-
" . /\ photon state that is generated at the output of the criy26al
E 208 In contrast, Eq(12) shows that the required quantum state
0 -llllll- e could be obtained through appropriate engineering of the
i5s © 5 ® spatial properties of the pump bed®i/]. For instance, Eq.
3 o A (12) gives the contributiorC,,, of each mode that makes the
g 308 pump beam, in order to obtain a maximally entangled quan-
o___.-lllllll-._ e tum state §,,=1, all n). Equation(12) also shows that the

-10 -5 0 5 10 -10 -5 0 5 10
l1 quantum number

phase of the statm,n) corresponds to the phase of the cor-

responding mode of the classical pump beam{@yg}, a
FIG. 3. Mode decomposition in the subspatgp;=0;l,,p,  result consistent with the experimental observation by Ou

=0) for several pump beams. (a), (c), and(e) we plot the weight et al, that the down-converted photons carry information

P'Olc’)|2 of the mode distribution, and itb), (d), and(f) we plot the  about the phase of the pump bef?8].

l1 quantum number

phése ar{;c'(){[','z} of each mode(a,b): 1,=0; (c,d): I,=1 and(e,: In conclusion, we have obtained and analyzed the detailed
lo=2. Inall casesv_vpzwozl, The solid line inb—d) is plotted to  quantum spatial structure of the two-photon entangled states
help the eye. generated in parametric down-conversion in terms of the

eigenstates of the orbital angular momentum operator. We
by Eqg. (2). The energy flowl of the pump beam can be putforward the related concept of quantum spiral bandwidth,
written as[16] I=260cnp2m|Cm|2. If we restrict to the sub- and showed its dependence on the pump beam and down-
space spanned by the states of the f¢ii), one generates converting crystal. This allows us, e.g., to define an effective
an entangled two-photon state of the form¥)  finite Hilbert space where entanglement takes p[@& En-
~3N_yaln,n). By making use of Egs(9) and (10), one  gineering such quantum spatial bandwidth should be a key
obtains that the amplitudes, of the quantum state generated tool to optimize multidimensional quantum information

when the crystal is pumped by the superposition of LGschemes, for example, to increase the resolution of two-

modes are photon imaging using entangled photdesy., Ref[30]) and
to enhance the efficiency of relevant multidimensional quan-
\/W h he effici f rel Itidi ional
—— : {ZWp/[v_vo(Zw_szrl)]}Z”*ZCzﬂ. (12 tum cryptography protocolee.g., Ref[31]).
n!
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